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VANISHING PROPERTIES OF p-HARMONIC ℓ-FORMS ON RIEMANNIAN
MANIFOLDS
NGUYEN THAC DUNG AND PHAM TRONG TIEN
ABSTRACT. In this paper, we show several vanishing type theorems for p-harmonic ℓ-
forms on Riemannian manifolds (p ≥ 2). First of all, we consider complete non-compact
immersed submanifolds Mn of Nn+m with flat normal bundle, we prove that any p-
harmonic ℓ-forms on M is trivial if N has pure curvature tensor and M satisfies some
geometric condition. Then, we obtain a vanishing theorem on Riemannian manifolds with
weighted Poincare´ inequality. Final, we investigate complete simply connected, locally
conformally flat Riemannian manifolds M and point out that there is no nontrivial p-
harmonic ℓ-form onM provided that Ric has suitable bound.
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1.. INTRODUCTION
Suppose thatM is a complete noncompact oriented Riemannian manifold of dimension
n. At a point x ∈ M , let {ω1, . . . , ωn} be a positively oriented orthonormal coframe on
T ∗x (M), the Hodge star operator acting on the space of smooth ℓ-formsΛ
ℓ(M) is given by
∗(ωi1 ∧ . . . ∧ ωiℓ) = ωj1 ∧ . . . ∧ ωjn−ℓ ,
where j1, . . . , jn−ℓ is selected such that {ωi1 , . . . , ωiℓ , ωj1 , . . . , ωjn−ℓ} gives a positive
orientation. Let d is the exterior differential operator, so its dual operator δ is defined by
δ = ∗d ∗ .
Then the Hogde-Laplace-Beltrami operator ∆ acting on the space of smooth ℓ-forms
Ωℓ(M) is of form
∆ = −(δd+ dδ).
When M is compact, it is well-known that the space of harmonic ℓ-forms is isomor-
phic to its ℓ-th de Rham cohomology group. This is not true when M is non-compact
but the theory of L2 harmonic forms still have some interesting applications. For fur-
ther results, we refer the reader to [Carron 1998, Carron 2007]. In [Li 1980], Li stud-
ied Sobolev inquality on spaces of harmonic ℓ-forms on compact Riemannian manifolds.
He gave estimates of the bottom of ℓ-spectrum and proved that the space of harmonic
ℓ-forms is of finite dimension provided that the Ricci curvature is bounded from below.
In [Tanno 1996], Tanno studied L2 harmonic ℓ-form on complete orientable stable min-
imal hypersurface M immersed in the Euclidean space Rn+1. He showed that there are
no non trivial L2 harmonic ℓ-forms on M if n ≤ 4. Later, Zhu generalized Tanno’s re-
sults to manifolds with non-negative isotropic curvature (see [Zhu 2011]). He also proved
in [Zhu 2001] that the Tanno’s results are true if Mn, n ≤ 4 be a complete noncom-
pact strongly stable hypersurface with constant mean curvature in Rn+1 or Sn+1. Re-
cently, in [Lin 2015a], Lin investigated spaces of L2 harmonic ℓ-forms Hℓ(L2(M)) on
submanifolds in Euclidean space with flat normal bundle. Assumed that the submanifolds
are of finite total curvature, Lin showed that the space Hℓ(L2(M)) has finite dimension
(See also [Zhu 2017] for the case ℓ = 2). For further results in this direction, we refer
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to [Lin 2015b, Lin 2015c, Lin 2016, Seo 2014, Zhu 2001, Zhu 2011] and the references
therein. It is also worth to notice that the main tools to study the spaces of harmonic ℓ-
forms are the Bochner formula and refined Kato type inequalities. In 2000, Calderbank
et al. gave very general forms of Kato type inequalities in [Calderbank et al. 2000]. Then
in [Wang 2002], Wang used them to prove a vanishing property of the space of L2 har-
monic ℓ-forms on convex cocompact hyperbolic manifolds. Later, in [Wan and Xin 2004],
Wan and Xin studiedL2 harmonic ℓ-forms on conformally compact manifoldswith a rather
weak boundary regularity assumption. Recently, in [Cibotaru and Zhu 2012], Cibotaru and
Zhu introduced a proof of the mentioned results from [Calderbank et al. 2000] avoiding as
much as possible representation theoretic technicalities. The refined Kato type inequalities
they obtained also refined the ones used in [Wang 2002, Wan and Xin 2004].
On the other hand, the p-Laplacian operator on a Riemannian manifoldM is defined by
∆pu := Div(|∇u|p−2∇u)
for any function u ∈ W 1,ploc (M) and p > 1, which arises as the Euler-Lagrange operator
associated to the p-energy functional
Ep(u) :=
∫
M
|∇u|p.
Therefore, if u is a smooth p-harmonic function then du is a p-harmonic 1-forms. We
refer the reader to [Moser 2007, Kotschwar and Ni 2009] for the connection between p-
harmonic functions and the inverse mean curvature flow. Motivated by the above beautiful
relationship between the space of harmonic ℓ-forms and the geometry of Riemannian man-
ifolds, it is very natural for us to study the geometric structures of Riemannian manifolds
by using the vanishing properties of p-harmonic ℓ-forms with finite Lq energy for some
p ≥ 2 and q ≥ 0.
Recall that an ℓ-form ω on a Riemannian manifold M is said to be p-harmonic if ω
satisfies dω = 0 and δ(|ω|p−2ω) = 0. When p = 2, a p-harmonic ℓ-form is exactly a
harmonic ℓ-form. Some vanishing propeties of the space of p-harmonic ℓ-forms are given
by X. Zhang in [Zhang 2001]. In particular, Zhang showed that there are no nontrivial p-
harmonic 1-forms in Lq(M), q > 0 if the Ricci curvature onM is nonnegative. Motivated
by Zhang’s results, in [Chang et al. 2010], Chang-Guo-Sung proved that any bounded set
of p-harmonic 1-forms in Lq(M), 0 < q < ∞, is relatively compact with respect to the
uniform convergence topology. Recently, it is showed that the set of p-harmonic 1-forms
has closed relationship with the connectedness at infinity of the manifold, in particularly,
with p-nonparabolic ends. In [Dung and Seo 2017], the first author and Seo studied the
connectedness at infinity of complete submanifolds by using the theory of p-harmonic
function. For lower-dimensional cases, we proved that ifM is a complete orientable non-
compact hypersurface in Rn+1 and δ-stability inequality holds onM , thenM has at most
one p-nonparabolic end. It was also proved that ifMn is a complete noncompact subman-
ifold in Rn+k with sufficiently small Ln-norm of the traceless second fundamental form,
then M has at most one p-nonparabolic end. For the reader’s convenience, let us recall
a definition of the p-nonparabolic ends. Let E ⊂ M be an end of M , namely, E is an
unbounded connected component ofM \Ω for a sufficiently large compact subsetΩ ⊂M
with smooth boundary. As in usual harmonic function theory, we define the p-parabolicity
and p-nonparabolicity ofE as follows (see [Chang et al. 2016] and the references therein):
Definition 1.1. An endE of the Riemannian manifoldM is called p-parabolic if for every
compact subsetK ⊂ E
capp(K,E) := inf
∫
E
|∇f |p = 0
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where the infimum is taken among all f ∈ C∞0 (E) such that f ≥ 1 on K . Otherwise, the
end E is called p-nonparabolic.
The first main result in this paper is the below theorem.
Theorem 1.2. Let Mn (n ≥ 3) be a complete non-compact immersed submanifold of
Nn+m with flat normal bundle. Assume that Nn+m has pure curvature tensor and the
(1, n− 1)-curvature ofNn+m is not less than −k. If one of the following conditions
1.
|A|2 ≤ n
2|H |2 − 2k
n− 1 ,
2.
n2|H |2 − 2k
n− 1 < |A|
2 ≤ n
2|H |2
n− 1 and λ1(M) >
kp2(n− 1)
4(p− 1)(n+ p− 2) ,
3. the total curvature ‖A‖n is bounded by
‖A‖2n < min
{
n2
(n− 1)CS ,
2
(n− 1)CS
[
4(p− 1)(n+ p− 2)
p2(n− 1) −
k
λ1(M)
]}
4. supM |A| is bounded and the fundamental tone satisfies
λ1(M) >
p2(n− 1)(2k + (n− 1) supM |A|2)
8(p− 1)(n+ p− 2) ,
holds true then every p-harmonic Lp 1-form on M is trivial. Therefore, M has at most
one p-nonparabolic end. Here CS is the Sobolev constant which depends only on n (see
Lemma 2.1).
This results generalizes a work of the first author in [Dung 2017] On the other hand, we
consider p-harmonic ℓ-forms on Riemannian manifolds with weighted Poincare´ inequality.
Recall that let (Mn, g) be a Riemannian manifold of dimension n and ρ ∈ C(M) be a
positive function onM . We say thatM has a weighted Poincare´ inequality, if∫
M
ρϕ2 ≤
∫
M
|∇ϕ|2 (1..1)
holds true for any smooth function ϕ ∈ C∞0 (M) with compact support inM . The positive
function ρ is called the weighted function. It is easy to see that if the bottom of the spectrum
of Laplacian λ1(M) is positive thenM satisfies a weighted Poincare´ inequality with ρ ≡
λ1. Here λ1(M) can be characterized by variational principle
λ1(M) = inf
{∫
M
|∇ϕ|2∫
M
ϕ2
: ϕ ∈ C∞0 (M)
}
.
When M satisfies a weighted Poincare´ inequality then M has many interesting proper-
ties concerning topology and geometry. For example, in [Vieira 2014], Vieira obtained
vanishing theorems for L2 harmonic 1 forms on complete Riemannian manifolds satis-
fying a weighted Poincare´ inequality and having a certain lower bound of the bi-Ricci
curvature. His theorems are improvement of Li-Wang’s and Lam’s results (see [Lam 2010,
Li and Wang 2001, Li and Wang 2006]). Moreover, some applications to study geomet-
ric structures of minimal hypersurfaces also are given. We refer to [Chen and Sung 2009,
Dung and Sung 2014] and the refrences therein for further results on the vanishing prop-
erty of the space of harmonic ℓ-forms. In the nonlinear setting, Chang-Chen-Wei studied
p-harmonic functions with finite Lq energy in [Chang et al. 2016], and proved some van-
ishing type theorems on Riemannian manifolds satisfying a weighted Poincare´ inequality.
Later, Sung-Wang, Dat and the first author used theory of p-harmonic functions to show
some interesting rigidity propeties of Riemannian manifolds with maximal p-spectrum.
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(see [Dung and Dat 2016, Sung and Wang 2014]). In this paper, we will investigate mani-
folds with weighted Poincare´ inequality and prove some vanishing results for p-harmonic
ℓ-forms on the manifolds. Our results can be considered as a generalization of Vieira’s
and the first author’s results (see [Dung 2017]). Finally, we are also interested in locally
conformally flat Riemannian manifolds, our theorem is the following vanishing property.
Theorem 1.3. Let (Mn, g), n ≥ 3, be an n-dimensional complete, simply connected,
locally conformally flat Riemannian manifold. If one of the following conditions
1.
‖T ‖n/2 +
‖R‖n/2√
n
<
4
(
p− 1 + min
{
1, (p−1)
2
n−1
})
Sp2
.
2. the scalar curvature R is nonpositive and
Kp,n :=
p− 1 + min
{
1, (p−1)
2
n−1
}
p2
− n− 1√
n(n− 2) > 0
and
‖T ‖n/2 < 4Kp,n
S
= 4Kp,nY(Sn).
holds true, then every p-harmonic 1-form with finite Lp(p ≥ 2) norm onM is trivial, and
M must has at most one p-nonparabolic end. Here T is the traceless Ricci tensor and S is
the constant given in Lemma 5.1.
The rest of this paper is organized as follows. In Section 2, we recall some basic nota-
tions and useful fact on theory of smooth ℓ-forms. Then, we study p-harmonic ℓ-forms in
submanifolds of Nn+m with flat normal bundle and pure curvature tensor. We will give a
proof of Theorem 1.2 in this section. In Section 4, we derive some vanishing properties for
p-harmonic ℓ-forms on manifolds with weighted Poincare´ inequality. Finally, in Section 5,
we consider locally conformally flat Riemannian manifolds and give a proof of Theorem
1.3.
2.. PRELIMINARY NOTATIONS
In this paper for n ≥ 3, 1 ≤ ℓ ≤ n− 1 and p ≥ 2, q ≥ 0, we denote
Cn,ℓ := max{ℓ, n− ℓ}
and
Ap,n,ℓ =

1 +
1
max ℓ, n− ℓ , if p = 2
1 +
1
(p− 1)2 min
{
1,
(p− 1)2
n− 1
}
, if p > 2 and ℓ = 1
1, if p > 2 and 1 < ℓ ≤ n− 1.
Hence,
(p− 1)2(Ap,n,ℓ − 1) =

1
max{ℓ, n− ℓ} , if p = 2 and 1 ≤ ℓ ≤ n− 1
min
{
1,
(p− 1)2
n− 1
}
, if p > 2 and ℓ = 1
0, if p > 2 and 1 < ℓ ≤ n− 1.
We will use the following Sobolev inequality.
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Lemma 2.1 ([Hoffman and Spruck 1974]). Let Mn (n ≥ 3) be an n-dimensional com-
plete submanifold in a complete simply-connectedmanifold with nonpositive sectional cur-
vature. Then for any f ∈W 1,20 (M) we have(∫
M
|f | 2nn−2dv
)n−2
n
≤ CS
∫
M
(|∇f |2 + |H |2f2) dv,
where CS is the Sobolev constant which depends only on n.
An important ingredient in our methods is the following refined Kato inequality. In
order to state the inequality, let us recall some notations. Suppose that {e1, . . . , en} is an
orthonormal basic of Rn. Let θ1 : Λ
ℓ+1
R
n → R⊗ ΛℓRn given by
θ1(v1 ∧ . . . ∧ vℓ+1) = 1√
ℓ+ 1
ℓ+1∑
j=1
(−1)jvj ⊗ v1 ∧ . . . ∧ v̂j ∧ . . . ∧ vℓ+1
and θ2 : Λ
ℓ−1
R
n → R⊗ ΛℓRn by
θ2(ω) = − 1√
n+ 1− ℓ
n∑
j=1
ej ⊗ (ej ∧ ω).
Lemma 2.2 ([Li 2012, Calderbank et al. 2000, Dung and Seo 2017]). For p ≥ 2, ℓ ≥ 1,
let ω be an p-harmonic ℓ-form on a complete Riemannian manifold Mn. The following
inequality holds ∣∣∇ (|ω|p−2ω)∣∣2 ≥ Ap,n,ℓ ∣∣∇|ω|p−1∣∣2 . (2..1)
Moreover, when p = 2, ℓ > 1 then the equality holds if and only if there exixts a 1-form α
such that
∇ω = α⊗ ω − 1√
ℓ+ 1
θ1(α ∧ ω) + 1√
n+ 1− ℓθ2(iαω).
Proof. The inequality (2..1) is well-known when ℓ = 1, p = 2, for example, see [Li 2012].
When ℓ = 1, p > 2, the inequality (2..1) was proved by Seo and the first author in
[Dung and Seo 2017]. Note that when p = 2, ℓ > 1, the inequality (2..1) was proved by
Calderbank et al. (see [Calderbank et al. 2000]) but we refer to [Cibotaru and Zhu 2012]
in a way convenient for our purpose without introducing abstract notation.
Finally, when p > 2, ℓ > 1, the inequality (2..1) is standard (see [Calderbank et al. 2000]).

Note that if M is not complete, then (2..1) is still true provided that ω is a harmonic
field, see [Cibotaru and Zhu 2012] for further discussion.
Suppose thatM is a complete noncompact Riemannian manifold. Let {e1, . . . , en} be
a local orthonormal frame onM with dual coframe {ω1, . . . , ωn}. Given an ℓ-form ω on
M , the Weitzenbo¨ck curvature operatorKℓ acting on ω is defined by
Kℓ =
n∑
j.k=1
ωk ∧ iejR(ek, ej)ω.
Using the Weitzenbo¨ck curvature operator, we have the following Bochner type formula
for ℓ-forms.
Lemma 2.3 ([Li 2012]). Let ω =
∑
I aIωI be a ℓ-form onM . Then
∆|ω|2 = 2 〈∆ω, ω〉+ 2|∇ω|2 + 2 〈E(ω), ω〉
= 2 〈∆ω, ω〉+ 2|∇ω|2 + 2Kℓ(ω, ω)
where E(ω) =
n∑
j,k=1
ωk ∧ iejR(ek, ej)ω.
6 N.T. DUNG AND P.T. TIEN
In order to estimate theKℓ, we need to define a new curvature which is appear naturally
as a component of the Weitzenbo¨ck curvature operator (see [Lin 2015a, Lin 2015c]).
Definition 2.4. Let Mn be a complete immersed submanifold in a Riemannian mani-
fold Nn+m with flat normal bundle. Here the submanifoldM is said to have flat normal
bundle if the normal connection of M is flat, namely the components of the normal cur-
vature tensor of M are zero. For any point x ∈ Nn+m, choose an orthonormal frame
{ei, . . . , en}n+mi=1 of the tangent space TxN and define
R
(ℓ,n−ℓ)
([ei1 . . . , ein ]) =
ℓ∑
k=1
n∑
h=ℓ+1
Rikihikih
for 1 ≤ ℓ ≤ n− 1, where the indices 1 ≤ i1, . . . in ≤ n+m are distinct with each other.
We call R
(ℓ,n−ℓ)
([ei1 . . . , ein ]) the (ℓ, n− ℓ)-curvature of Nn+m.
It is easy to see that if ℓ = 1 then the (1, n − 1)-curvature becomes (n − 1)-th Ricci
curvature ([Lin 2015c]). Assume thatN has pure curvature tensor, namely for every p ∈ N
there is an orthonormal basis {e1, . . . , en} of the tangent space TpN such that Rijrs :=
〈R(ei, ej)er, es〉 = 0 whenever the set {i, j, r, s} contains more than two elements. Here
Rijrs denote the curvature tensors of N . It is worth to notice that all 3-manifolds and
conformally flat manifolds have pure curvature tensor. It was proved in [Lin 2015a] that
Kℓ(ω, ω) ≥ 1
2
(n2|H |2 − Cn,ℓ|A|2) + inf
i1,...,in
R
(ℓ,n−ℓ)
([ei1 . . . , ein ])|ω|2.
Finally, to prove the vanishing property of p-harmonic ℓ-form, we use the following
useful estimates. Since we can not find them in the literature, we will give a detail of
discussion.
Lemma 2.5. For any closed ℓ-form ω and ϕ ∈ C∞(M), we have
|d(ϕω)| = |dϕ ∧ ω| ≤ |dϕ| · |ω|.
Proof. Let {Xi} be a local orthonormal frame and {dxi} is the dual coframe. Since ω is
closed, we have d(ϕω) = dϕ ∧ ω. Suppose that
ω =
∑
|I|=ℓ
ωIdx
I =
∑
|K|=ℓ−1
n∑
j=1
ωjKdxj ∧ dxK ,
where ωjK = 0 if j ∈ K . Therefore, denote ϕi = ∇Xiϕ, we have
dϕ ∧ ω =
∑
|K|=ℓ−1
n∑
i6=j.i,j 6∈K
ϕiωjKdxi ∧ dxj ∧ dxK .
Observe that, for any ai, bi ∈ R, i = 1, n∑
i<j
(aibj − ajbi)2 +
(
n∑
i=1
aibi
)2
=
(
n∑
i=1
a2i
)(
n∑
i=1
b2i
)
,
we infer
|dϕ ∧ ω|2 =
∑
|K|=ℓ−1
∑
i<j,i,j 6∈K
(ϕiωjK − ϕjωiK)2
≤
∑
|K|=ℓ−1
∑
i<j
(ϕiωjK − ϕjωiK)2
≤
∑
|K|=ℓ−1
(
n∑
i=1
ϕ2i
) n∑
j=1
ωjK
 = |dϕ|2|ω|2.
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The proof is complete. 
3.. p-HARMONIC ℓ-FORMS IN SUBMANIFOLDS OF Nn+m WITH FLAT NORMAL
BUNDLE
Theorem 3.1. Let Mn (n ≥ 3) be a complete non-compact immersed submanifold of
Nn+m with flat normal bundle. Assume thatN has pure curvature tensor and the (ℓ, n−ℓ)-
curvature ofNn+m is not less than−k for 1 ≤ ℓ ≤ n−1. If one of the following conditions
1.
|A|2 ≤ n
2|H |2 − 2k
Cn,ℓ
, V ol(M) =∞.
2.
n2|H |2 − 2k
Cn,ℓ
< |A|2 ≤ n
2|H |2
Cn,ℓ
and λ1 >
kQ2
4(Q− 1 + (p− 1)2(Ap,n,ℓ − 1)) ,
3. the total curvature ‖A‖n is bounded by
‖A‖2n < min
{
n2
Cn,ℓCS
,
2
Cn,ℓCS
[
4(Q− 1 + (p− 1)2(Ap,n,ℓ − 1))
Q2
− k
λ1(M)
]}
,
4. supM |A| is bounded and the fundamental tone satisfies
λ1(M) >
Q2(2k + Cn,ℓ supM |A|2)
8(Q− 1 + (p− 1)2(Ap,n,ℓ − 1)) ,
holds true then every p-harmonic ℓ-form with finite LQ, (Q ≥ 2) onM is trivial.
Proof. LetM+ := M \ {x ∈ M,ω(x) = 0}. Let ω be any p-harmonic ℓ-form with finite
LQ norm. Apply the Bochner formula to the form |ω|p−2ω we obtain, onM+
1
2
∆|ω|2(p−1) = |∇(|ω|p−2ω)|2 − 〈(δd+ dδ)(|ω|p−2ω), |ω|p−2ω〉+Kℓ(|ω|p−2ω, |ω|p−2ω)
= |∇(|ω|p−2ω)|2 − 〈δd(|ω|p−2ω), |ω|p−2ω〉+ |ω|2(p−2)Kℓ(ω, ω)
where we used ω is p-harmonic in the second equality. This can be read as
|ω|p−1∆|ω|p−1 = (|∇(|ω|p−2ω)|2 − |∇|ω|p−1|2)−|ω|p−2 〈δd(|ω|p−2ω), ω〉+|ω|2(p−2)Kℓ(ω, ω).
By Kato type inequality, we infer
|ω|∆|ω|p−1 ≥ (p− 1)2(Ap,n,ℓ − 1)|ω|p−2|∇|ω||2−
〈
δd(|ω|p−2ω), ω〉+Kℓ|ω|p. (3..1)
Hence,
|ω|q+1∆|ω|p−1 ≥ (p−1)2(Ap,n,ℓ−1)|ω|p+q−2|∇|ω||2−
〈
δd(|ω|p−2ω), |ω|qω〉+Kℓ|ω|p+q.
We choose cutoff function ϕ ∈ C∞0 (M+) then multiplying both sides of the above inequal-
ity by ϕ2, we obtain∫
M+
ϕ2|ω|q+1∆|ω|p−1 ≥(p− 1)2(Ap,n,ℓ − 1)
∫
M+
φ2|ω|p+q−2|∇|ω||2
−
∫
M+
〈
δd(|ω|p−2ω), ϕ2|ω|qω〉+ ∫
M+
Kℓϕ
2|ω|p+q.
by integrating by part, this implies∫
M+
〈∇(ϕ2|ω|q+1),∇|ω|p−1〉 ≤− (p− 1)2(Ap,n,ℓ − 1)∫
M+
φ2|ω|p+q−2|∇|ω||2
+
∫
M+
〈
d(|ω|p−2ω), d(ϕ2|ω|qω)〉− ∫
M+
Kℓϕ
2|ω|p+q.
(3..2)
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Since the (ℓ, n− ℓ)-curvature of Nn+m is not less than −k, we have
Kℓ ≥ 1
2
(n2|H |2 −max{ℓ, n− ℓ}|A|2)− k.
Obviously,∫
M+
〈∇(ϕ2|ω|q+1),∇|ω|p−1〉 =2(p− 1)∫
M+
ϕ|ω|p+q−1 〈∇ϕ,∇|ω|〉
+ (q + 1)(p− 1)
∫
M+
ϕ2|ω|p+q−2|∇|ω||2. (3..3)
Note that for any close ℓ-form ω and smooth function f , it is proved in Lemma 2.5 that
d(f ∧ ω) = df ∧ ω ≤ |df |.|ω|.
Therefore,∫
M+
〈
d(|ω|p−2ω), d(ϕ2|ω|qω)〉 =∫
M+
〈
d(|ω|p−2) ∧ ω, d(ϕ2|ω|q) ∧ ω〉
≤
∫
M+
∣∣d(|ω|p−2) ∧ ω|.|d(ϕ2|ω|q) ∧ ω∣∣
≤
∫
M+
∣∣∇(|ω|p−2)∣∣ |ω|. ∣∣∇(ϕ2|ω|q)∣∣ |ω|
≤(p− 2)q
∫
M+
ϕ2|ω|p+q−2 |∇|ω||2
+ 2(p− 2)
∫
M+
ϕ|ω|p+q−1 |∇|ω|| |∇ϕ|. (3..4)
1. If |A|2 ≤ n
2|H |2 − 2k
Cn,ℓ
, thenKℓ ≥ 0. Therefore, from (3..2) we obtain∫
M+
〈∇(ϕ2|ω|q+1),∇|ω|p−1〉 ≤− (p− 1)2(Ap,n,ℓ − 1)∫
M+
ϕ2|ω|p+q−2|∇|ω||2
+
∫
M+
〈
d(|ω|p−2ω), d(ϕ2|ω|qω)〉 .
Thus, by (3..3), (3..4),
2(p− 1)
∫
M+
ϕ|ω|p+q−1 〈∇ϕ,∇|ω|〉+ (q + 1)(p− 1)
∫
M+
ϕ2|ω|p+q−2|∇|ω||2
≤− (p− 1)2(Ap,n,ℓ − 1)
∫
M+
ϕ2|ω|p+q−2|∇|ω||2
+ (p− 2)q
∫
M+
ϕ2|ω|p+q−2 |∇|ω||2 + 2(p− 2)
∫
M+
ϕ|ω|p+q−1 |∇|ω|| |∇ϕ|.
Hence,
(p+ q − 1 + (p− 1)2(Ap,n,ℓ − 1))
∫
M+
ϕ2|ω|p+q−2|∇|ω||2 ≤ 2(2p− 3)
∫
M+
ϕ|ω|p+q−1 |∇|ω|| |∇ϕ|.
Using the fundamental inequality 2AB ≤ εA2 + ε−1B2, we have that, for every ε > 0,
2
∫
M+
ϕ|ω|p+q−1 |∇|ω|| |∇ϕ| ≤ ε
∫
M+
ϕ2|ω|p+q−2|∇|ω||2 + 1
ε
∫
M+
|ω|p+q|∇ϕ|2.
(3..5)
From the last two inequalities, we obtain
(p+q−1+(p−1)2(Ap,n,ℓ−1)−ε(2p−3))
∫
M+
ϕ2|ω|p+q−2|∇|ω||2 ≤ 2p− 3
ε
∫
M+
|ω|p+q|∇ϕ|2.
VANISHING PROPERTIES OF p-HARMONIC ℓ-FORMS ON RIEMANNIAN MANIFOLDS 9
Let Q := p + q, since Q − 1 + (p − 1)2(Ap,n,ℓ − 1) > 0, we can choose ε > 0 small
enough and a constantK = K(ε) > 0 so that
4
Q2
∫
M+
ϕ2
∣∣∣∇|ω|Q/2∣∣∣2 ≤ K ∫
M+
|ω|Q|∇ϕ|2, for all r > 0. (3..6)
Applying a variation of the Duzaar-Fuchs cut-offmethod (see also [Duzaar and Fuchs 1990,
Nakauchi 1998]), we shall show that (3..6) holds for everyϕ ∈ C∞0 (M). Indeed, we define
ηǫ˜ = min
{ |ω|
ǫ˜
, 1
}
for ǫ˜ > 0. Let ϕǫ˜ = ψ
2ηǫ˜, where ψ ∈ C∞0 (M). It is easy to see that ϕǫ˜ is a compactly
supported continuous function and ϕǫ˜ = 0 onM \M+. Now, we replace ϕ by ϕǫ˜ in (3..6)
and get ∫
M+
ψ4(ηǫ˜)
2|ω|Q−2|∇|ω||2
≤ 6C
∫
M+
|ω|Q|∇ψ|2ψ2(ηǫ˜)2 + 3C
∫
M+
|ω|Q|∇ηǫ˜|2ψ4. (3..7)
Observe that ∫
M+
|ω|Q|∇ηǫ˜|2ψ4 ≤ ǫ˜Q−2
∫
M+
|∇|ω||2ψ4χ{|ω|≤ǫ˜}
and the right hand side vanishes by dominated convergence as ǫ˜ → 0, because |∇|ω|| ∈
L2loc(M) and Q ≥ 2. Letting ǫ˜ → 0 and applying Fatou lemma to the integral on the left
hand side and dominated convergence to the first integral in the right hand side of (3..7),
we obtain ∫
M+
ψ4|ω|Q−2|∇|ω||2 ≤ 6C
∫
M+
|ω|Q|∇ψ|2ψ2, (3..8)
where ψ ∈ C∞0 (M). We choose cutoff functions ψ ∈ C∞0 (M+) satisfying
ψ =

1, on Br
∈ [0, 1] and |∇ϕ| ≤ 2r , on B2r \Br
0, onM \B2r
,
where Br is the open ball of radius r and center at a fixed point ofM .
Letting r → ∞, we conclude that |ω| is constant on M+. Since |ω| = 0 ∈ ∂M+, it
implies that either ω is zero orM+ = ∅. IfM+ = ∅, then |ω| is contant onM . Thanks to
the assumption |ω| ∈ LQ(M), we infer ω = 0.
2. Assume that
n2|H |2 − 2k
Cn,ℓ
< |A|2 ≤ n
2|H |2
Cn,ℓ
then −k ≤ Kℓ < 0. From this and (3..2) we obtain∫
M+
〈∇(ϕ2|ω|q+1),∇|ω|p−1〉 ≤− (p− 1)2(Ap,n,ℓ − 1)∫
M+
|ω|p+q−2|∇|ω||2∫
M+
〈
d(|ω|p−2ω), d(ϕ2|ω|qω)〉+ k ∫
M+
ϕ2|ω|p+q.
(3..9)
By the definition of λ1(M) and (3..5), we obtain that, for any ε > 0,
λ1
∫
M+
ϕ2|ω|p+q ≤
∫
M+
∣∣∣∇(ϕ|ω|(p+q)/2)∣∣∣2
=
(p+ q)2
4
∫
M+
ϕ2|ω|p+q−2 |∇|ω||2 +
∫
M+
|ω|p+q|∇ϕ|
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+ (p+ q)
∫
M+
ϕ|ω|p+q−1 〈∇|ω|,∇ϕ〉
≤ (1 + ε) (p+ q)
2
4
∫
M+
ϕ2|ω|p+q−2 |∇|ω||2 +
(
1 +
1
ε
)∫
M+
|ω|p+q|∇ϕ|2.
(3..10)
From this, (3..3), (3..4), and (3..9), we have
Cε
∫
M+
ϕ2|ω|p+q−2|∇|ω||2 ≤ Dε
∫
M+
|ω|p+q|∇ϕ|2,
where
Cε : = p+ q − 1 + (p− 1)2(Ap,n,ℓ − 1)− ε(2p− 3)− (1 + ε)k(p+ q)
2
4λ1(M)
= Q− 1 + (p− 1)2(Ap,n,ℓ − 1)− ε(2p− 3)− (1 + ε) kQ
2
4λ1(M)
,
and
Dε :=
2p− 3
ε
+
k
λ1(M)
(
1 +
1
ε
)
.
Here Q = p+ q ≥ 2. Since
λ1(M) >
kQ2
4(Q− 1 + (p− 1)2(Ap,n,ℓ − 1)) ,
there are some small enough number ε > 0 and constantK = K(ε) > 0 such that
4
Q2
∫
M+
∣∣∣∇|ω|Q/2∣∣∣2 ≤ K ∫
M+
|ω|Q|∇ϕ|2.
Arguing similarly as in the proof of the first part, we conclude that |ω| is constant. Since
λ1(M) > 0,M must have infinite volume, note that |ω| ∈ LQ(M), we have that ω is zero.
3. Assume that |A|2 > n
2|H |2
Cn,ℓ
. Then, from (3..2) we have∫
M+
〈∇(ϕ2|ω|q+1),∇|ω|p−1〉+ n2
2
∫
M+
ϕ2|H |2|ω|p+q
≤− (p− 1)2(Ap,n,ℓ − 1)
∫
M+
ϕ2|ω|p+q−2|∇|ω||2
+
∫
M+
〈
d(|ω|p−2ω), d(ϕ2|ω|qω)〉+ Cn,ℓ
2
∫
M+
ϕ2|A|2|ω|p+q + k
∫
M+
ϕ2|ω|p+q.
(3..11)
By Ho¨lder inequality and Lemma 2.1, we have∫
M+
ϕ2|A|2|ω|p+q ≤ ‖A‖2n
(∫
M+
(
ϕ|ω|(p+q)/2
) 2n
n−2
)n−2
n
≤ CS‖A‖2n
(∫
M+
∣∣∣∇(ϕ|ω|(p+q)/2)∣∣∣2 + ∫
M+
ϕ2|H |2|ω|p+q
)
,
where CS is the Sobolev constant depending only on n. From the last inequality and (3..5)
we can get that, for any ε > 0,∫
M+
ϕ2|A|2|ω|p+q ≤ CS‖A‖2n(1 + ε)
(p+ q)2
4
∫
M+
ϕ2|ω|p+q−2 |∇|ω||2
+ CS‖A‖2n
(
1 +
1
ε
)∫
M+
|ω|p+q|∇ϕ|2 + CS‖A‖2n
∫
M+
ϕ2|H |2|ω|p+q.
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Using this inequality and (3..3), (3..4), (3..11), we have
Cε
∫
M+
ϕ2|ω|p+q−2|∇|ω||2+1
2
(
n2 − Cn,ℓCS‖A‖2n
) ∫
M+
ϕ2|H |2|ω|p+q ≤ Dε
∫
M+
|ω|p+q|∇ϕ|2,
where, for Q := p+ q ≥ 2
Cε : = p+ q − 1 + (p− 1)2(Ap,n,ℓ − 1)− ε(2p− 3)− (1 + ε) (p+ q)
2
4
(
k
λ1(M)
+
Cn,ℓCS‖A‖2n
2
)
= Q − 1 + (p− 1)2(Ap,n,ℓ − 1)− ε(2p− 3)− (1 + ε)Q
2
4
(
k
λ1(M)
+
Cn,ℓCS‖A‖2n
2
)
,
and
Dε :=
2p− 3
ε
+
(
1 +
1
ε
)(
k
λ1(M)
+
Cn,ℓCS‖A‖2n
2
)
.
Since
‖A‖2n < min
{
n2
Cn,ℓCS
,
2
Cn,ℓCS
[
4(Q− 1 + (p− 1)2(Ap,n,ℓ − 1))
Q2
− k
λ1(M)
]}
,
there are some small enough ε > 0 and constantK = K(ε) > 0 such that
4
Q2
∫
M+
∣∣∣∇|ω|Q/2∣∣∣2 ϕ2 ≤ K ∫
M+
|ω|Q|∇ϕ|2.
Using the same argument as in the proof of the first and second part, this inequality implies
that ω is zero.
4. Suppose that supM |A|2 <∞. Then using (3..10) we have that, for any ε > 0,∫
M+
ϕ2|A|2|ω|p+q ≤ sup
M
|A|2
∫
M+
ϕ2|ω|p+q ≤ supM |A|
2
λ1(M)
∫
M+
∣∣∣∇(ϕ|ω|(p+q)/2)∣∣∣2
≤ supM |A|
2
λ1(M)
(1 + ε)
(p+ q)2
4
∫
M+
ϕ2|ω|p+q−2 |∇|ω||2
+
supM |A|2
λ1(M)
(
1 +
1
ε
)∫
M+
|ω|p+q|∇ϕ|2.
From this and (3..3), (3..4), (3..11) we obtain that, for any ε > 0,
Cε
∫
M+
ϕ2|ω|p+q−2|∇|ω||2 + n
2
2
∫
M+
ϕ2|H |2|ω|p+q ≤ Dε
∫
M+
|ω|p+q|∇ϕ|2,
where
Cε : = p+ q − 1 + (p− 1)2(Ap,n,ℓ − 1)− ε(2p− 3)− (1 + ε) (p+ q)
2
4λ1(M)
(
k +
Cn,ℓ supM |A|2
2
)
= Q − 1 + (p− 1)2(Ap,n,ℓ − 1)− ε(2p− 3)− (1 + ε) Q
2
4λ1(M)
(
k +
Cn,ℓ supM |A|2
2
)
,
and
Dε :=
2p− 3
ε
+
(
1 +
1
ε
)
1
λ1(M)
(
k +
Cn,ℓ supM |A|2
2
)
.
Since
λ1(M) >
Q2(2k + Cn,ℓ supM |A|2)
8(Q− 1 + (p− 1)2(Ap,n,ℓ − 1)) ,
M must have infinite volume. Moreover, there are some small enough ε > 0 and constant
K = K(ε) > 0 such that
4
Q2
∫
M+
∣∣∣∇|ω|Q/2∣∣∣2 ϕ2 ≤ K ∫
M+
|ω|Q|∇ϕ|2.
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Using the same argument as in the proof of the first and second part, this inequality implies
that ω is zero. 
Now, we will give a geometric application of Theorem 3.1 that is the Theorem 1.2.
First, let us recall the following result about the existence of p-harmonic function on a
Riemannian manifold.
Theorem 3.2 ([Chang et al. 2016]). Let M be a Riemannian manifold with at least two
p-nonparabolic ends. Then, there exists a non-constant, bounded p-harmonic function
u ∈ C1,α(M) for some α > 0 such that |∇u| ∈ Lp(M).
Note that, it is known that the regularity of (weakly) p-harmonic function u is not bet-
ter than C1,αloc (see [Tolksdorff 1984] and the references therein). Moreover u ∈ W 2,2loc
if p ≥ 2; u ∈ W 2,ploc if 1 < p < 2 (see [Tolksdorff 1984]). In fact, any nontrivial
(weakly) p-harmonic function u onM is smooth away from the set {∇u = 0} which has
n-dimensional Hausdorff measure zero.
Proof of Theorem 1.2. The proof follows by combining Theorem 3.1 with q = 0, l = 1
and Theorem 3.2. 
4.. p-HARMONIC ℓ-FORMS ON RIEMANNIAN MANIFOLDS WITH WEIGHTED
POINCARE´ INEQUALITY
Lemma 4.1. Let M be a complete Riemannian manifold satisfying a weighted Poincare´
inequality with a continuous weight function ρ. Suppose that ω is a closed ℓ-form with
finite Lp+q norm onM satisfies the following differential inequality
|ω|∆|ω|p−1 ≥ B|ω|p−2 |∇|ω||2 − 〈δd(|ω|p−2ω), ω〉− aρ|ω|p − b|ω|p, (4..1)
for some constants 0 < a <
4(Q− 1 +B)
Q2
, b > 0 andQ ≥ 2. Then the following integral
inequality holds ∫
M+
∣∣∣∇|ω|Q/2∣∣∣2 ≤ bQ2
4(Q− 1 +B)− aQ2
∫
M+
|ω|Q. (4..2)
Moreover, if equality holds in (4..2), then equality holds in (4..1)
Proof. (i) Assume that the manifold is compact. Multiplying inequality (4..1) by |ω|q and
then integrating by parts, we obtain∫
M+
|ω|q+1∆|ω|p−1 ≥B
∫
M+
|ω|p+q−2 |∇|ω||2 −
∫
M+
〈
δd(|ω|p−2ω), |ω|qω〉
− a
∫
M+
ρ|ω|p+q − b
∫
M+
|ω|p+q,
and then,
[(q + 1)(p− 1) +B]
∫
M+
|ω|p+q−2 |∇|ω||2 ≤
∫
M+
〈
d(|ω|p−2ω), d(|ω|qω)〉
+ a
∫
M+
ρ|ω|p+q + b
∫
M+
|ω|p+q.
Similarly to (3..4), we have∫
M+
〈
d(|ω|p−2ω), d(|ω|qω)〉 =∫
M+
〈
d(|ω|p−2) ∧ ω, d(|ω|q) ∧ ω〉
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≤
∫
M+
∣∣d(|ω|p−2) ∧ ω|.|d(|ω|q) ∧ ω∣∣
≤
∫
M+
∣∣∇(|ω|p−2)∣∣ |ω|. |∇(|ω|q)| |ω|
= (p− 2)q
∫
M+
|ω|p+q−2 |∇|ω||2 .
By the weighted Poincare´ inequality we have that∫
M+
ρ|ω|p+q ≤
∫
M+
∣∣∣∇(|ω|(p+q)/2)∣∣∣2 = (p+ q)2
4
∫
M+
|ω|p+q−2 |∇|ω||2 .
Combining the last three inequalities, we obtain[
p+ q − 1 +B − a (p+ q)
2
4
] ∫
M+
|ω|p+q−2 |∇|ω||2 ≤ b
∫
M+
|ω|p+q,
consequently,[
4(p+ q − 1 +B)
(p+ q)2
− a
]∫
M+
∣∣∣∇|ω|(p+q)/2∣∣∣2 ≤ b ∫
M+
|ω|p+q.
Let Q := p+ q, the last inequality implies that inequality (4..2) holds.
Now assume that equality holds in (4..2). Multiplying inequality (4..1) by |ω|q where
q = Q− p, and then integrating by parts and using the above estimates, we obtain
0 ≤
∫
M+
(
|ω|q+1∆|ω|p−1 −B|ω|p+q−2 |∇|ω||2 + 〈δd(|ω|p−2ω), |ω|qω〉+ aρ|ω|p+q + b|ω|p+q)
= −[(q + 1)(p− 1) +B]
∫
M+
|ω|p+q−2 |∇|ω||2 +
∫
M+
〈
d(|ω|p−2ω), d(|ω|qω)〉
+ a
∫
M+
ρ|ω|p+q + b
∫
M+
|ω|p+q
≤ −
[
4(p+ q − 1 +B)
(p+ q)2
− a
] ∫
M+
∣∣∣∇|ω|(p+q)/2∣∣∣2 + b ∫
M+
|ω|p+q
= 0.
Therefore, we can conclude that equality holds in (4..1) in M+. Since in M \M+, (4..1)
is always true. We complete the proof.
(ii) Assume that the manifold is non-compact. We choose cutoff functionϕ ∈ C∞0 (M+)
as in the proof of Theorem 3.1. Multiplying both sides of inequality (4..1) by ϕ2|ω|q and
then integrating by parts, we obtain∫
M+
ϕ2|ω|q+1∆|ω|p−1 ≥B
∫
M+
ϕ2|ω|p+q−2 |∇|ω||2 −
∫
M+
〈
δd(|ω|p−2ω), ϕ2|ω|qω〉
− a
∫
M+
ρϕ2|ω|p+q − b
∫
M+
ϕ2|ω|p+q,
and then,∫
M+
〈∇(ϕ2|ω|q+1),∇|ω|p−1〉+B ∫
M+
ϕ2|ω|p+q−2 |∇|ω||2
≤
∫
M+
〈
d(|ω|p−2ω), d(ϕ2|ω|qω)〉+ a ∫
M+
ρϕ2|ω|p+q + b
∫
M+
ϕ2|ω|p+q,
Using the last inequality and (3..3), (3..4), we have
(p+ q − 1 +B)
∫
M+
ϕ2|ω|p+q−2|∇|ω||2 ≤a
∫
M+
ρϕ2|ω|p+q + b
∫
M+
ϕ2|ω|p+q
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+ 2(2p− 3)
∫
M+
ϕ|ω|p+q−1 |∇|ω|| |∇ϕ|.
Similarly to (3..10) and by the weighted Poincare´ inequality we have that∫
M+
ρϕ2|ω|p+q ≤
∫
M+
∣∣∣∇(ϕ|ω|(p+q)/2)∣∣∣2
≤ (1 + ε) (p+ q)
2
4
∫
M+
ϕ2|ω|p+q−2 |∇|ω||2 +
(
1 +
1
ε
)∫
M+
|ω|p+q|∇ϕ|2.
Combining the last two inequalities and using (3..5), we obtain[
p+ q − 1 +B − ε(2p− 3)− (1 + ε)a(p+ q)
2
4
] ∫
M+
ϕ2|ω|p+q−2 |∇|ω||2
≤ b
∫
M+
ϕ2|ω|p+q +
[
2p− 3
ε
+ a
(
1 +
1
ε
)]∫
M+
|ω|p+q|∇ϕ|2.
Since 4(p+q−1+B)−a(p+q)2 > 0, p+q−1+B− (1+ε)a(p+ q)
2
4
−ε(2p−3) > 0
for all sufficiently small enough ε > 0. By the monotone convergence theorem, letting
r →∞, and then ε→ 0, we obtain inequality (4..2).
Now suppose that equality in (4..2) holds. Multiplying both sides of inequality (4..1) by
ϕ2|ω|q and then integrating by parts and using the above estimates, we obtain
0 ≤
∫
M+
ϕ2
(
|ω|q+1∆|ω|p−1 −B|ω|p+q−2 |∇|ω||2 + 〈δd(|ω|p−2ω), |ω|qω〉+ aρ|ω|p+q + b|ω|p+q)
≤ − [p+ q − 1 +B]
∫
M+
ϕ2|ω|p+q−2 |∇|ω||2 + 2(2p− 3)
∫
M+
ϕ|ω|p+q−1|∇|ω|| |∇ϕ|
+ a
∫
M+
ρϕ2|ω|p+q + b
∫
M+
ϕ2|ω|p+q
≤ −
[
p+ q − 1 +B − ε(2p− 3)− (1 + ε)a(p+ q)
2
4
] ∫
M+
ϕ2|ω|p+q−2 |∇|ω||2
+ b
∫
M+
ϕ2|ω|p+q +
[
2p− 3
ε
+ a
(
1 +
1
ε
)]∫
M+
|ω|p+q|∇ϕ|2.
Letting r→∞ in the last inequality and using the monotone convergence theorem, we get
0 ≤
∫
M+
(
|ω|q+1∆|ω|p−1 −B|ω|p+q−2 |∇|ω||2 + 〈δd(|ω|p−2ω), |ω|qω〉+ aρ|ω|p+q + b|ω|p+q)
≤ −
[
p+ q − 1 +B − ε(2p− 3)− (1 + ε)a(p+ q)
2
4
] ∫
M+
|ω|p+q−2 |∇|ω||2 + b
∫
M+
|ω|p+q.
And then putting ε→ 0, we obtain
0 ≤
∫
M+
(
|ω|q+1∆|ω|p−1 −B|ω|p+q−2 |∇|ω||2 + 〈δd(|ω|p−2ω), |ω|qω〉+ aρ|ω|p+q + b|ω|p+q)
≤ −
[
p+ q − 1 +B − a(p+ q)
2
4
]∫
M+
|ω|p+q−2 |∇|ω||2 + b
∫
M+
|ω|p+q
= 0.
In view of (4..1), we can conclude that equality holds in (4..1). 
The following result was showed by Vieira in [Vieira 2014].
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Lemma 4.2 ([Vieira 2014]). Suppose that u is a smooth function on a complete Riemann-
ian manifoldM with finite LQ norm, for Q ≥ 2. Then
λ1(M)
∫
M
|u|Q ≤
∫
M
∣∣∣∇uQ/2∣∣∣2 .
Theorem 4.3. Let Mn be a complete non-compact Riemannian manifold Mn satisfying
a weighted Poincare´ inequality with a continuous weight function ρ. Suppose that the
curvature operator acting on ℓ-forms has a lower bound
Kℓ ≥ −aρ− b
for some constants b > 0, Q ≥ 2 and
0 < a <
4(Q− 1 + (p− 1)2(Ap,n,ℓ − 1))
Q2
.
Assume that the first eigenvalue of the Laplacian has a lower bound
λ1(M
n) >
bQ2
4(Q− 1 + (p− 1)2(Ap,n,ℓ − 1))− aQ2 .
Then the space of p-harmonic ℓ-forms with finite LQ energy onMn is trivial.
Proof. Let ω be any p-harmonic ℓ-form with finite LQ norm. From the Bochner formula
and the Kato type inequality (see, Lemma 2.2), we obtain (3..1)
|ω|∆|ω|p−1 ≥ (p− 1)2(Ap,n,ℓ − 1)|ω|p−2 |∇|ω||2 −
〈
δd(|ω|p−2ω), ω〉+Kℓ|ω|p.
Hence,
|ω|∆|ω|p−1 ≥ (p− 1)2(Ap,n,ℓ− 1)|ω|p−2 |∇|ω||2−
〈
δd(|ω|p−2ω), ω〉− aρ|ω|p− b|ω|p.
Applying Lemma 4.1 to B = (p− 1)2(Ap,n,ℓ − 1), we obtain∫
M+
∣∣∣∇|ω|Q/2∣∣∣2 ≤ bQ2
4(Q− 1 + (p− 1)2(Ap,n,ℓ − 1))− aQ2
∫
M+
|ω|Q.
Since |ω| ∈ LQ(M) this implies |ω| ∈ LQ(M+). Therefore, by Lemma 4.2, we have
λ1(M
n)
∫
M+
|ω|Q ≤
∫
M+
∣∣∣∇ωQ/2∣∣∣2 .
From the last two inequalities, we obtain
λ1(M
n)
∫
M+
|ω|Q ≤ bQ
2
4(Q− 1 + (p− 1)2(Ap,n,ℓ − 1))− aQ2
∫
M+
|ω|Q.
If the ℓ-form ω is not identically zero inM+ (therefore ω = 0 inM ), then
λ1(M
n) ≤ bQ
2
4(Q− 1 + (p− 1)2(Ap,n,ℓ − 1))− aQ2 ,
which leads to a contradiction. So ω is identically zero. 
Combining Theorem 3.2 and Theorem 4.3 with Q = p ≥ 2, ℓ = 1, we obtain the
follows result.
Corollary 4.4. Let Mn be a complete non-compact Riemannian manifoldMn satisfying
a weighted Poincare´ inequality with a continuous weight function ρ. Suppose that
RicM ≥ −aρ− b, for 0 < a < 4(p− 1)(p+ n− 2)
p2(n− 1)
and some constants b > 0. Assume that the first eigenvalue of the Laplacian has a lower
bound
λ1(M
n) >
bp2(n− 1)
4(p− 1)(n+ p− 2)− ap2(n− 1) .
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Then the space of Lp p-harmonic 1-forms onMn is trivial. Therefore,M has at most one
p-nonparabolic end.
Let
An,ℓ =

n− ℓ+ 1
n− ℓ , if 1 ≤ ℓ ≤
n
2
ℓ+ 1
ℓ
, if n2 ≤ ℓ ≤ n− 1.
We conclude this section by the below rigidity property.
Corollary 4.5. Let Mn be a complete non-compact Riemannian manifoldMn satisfying
a weighted Poincare´ inequality with a continuous weight function ρ. Suppose that
RicM ≥ −aρ− b, for 0 < a < An,ℓ
and some constants b > 0. Assume that
λ1(M
n) =
b
An,ℓ − a .
Then either
(1) The space of L2 harmonic ℓ-forms onMn is trivial or;
(2) For any L2 harmonic ℓ-form ω onM , there exixts a 1-form α such that
∇ω = α⊗ ω − 1√
ℓ+ 1
θ1(α ∧ ω) + 1√
n+ 1− ℓθ2(iαω).
Proof. Let p = 2, q = 0, Q = 2, the Bochner formula applying on harmonic ℓ-form ω
implies that
|ω|∆|ω| ≥ (An,ℓ − 1)|∇|ω||2 − aρ|ω|2 − b|ω|2.
If ω is non-trivial then Lemma 4.1 and Lemma 4.2 imply that
λ1(M)
∫
M+
|ω|2 =
∫
M+
|∇|ω||2.
Therefore,
|ω|∆|ω| = (An,ℓ − 1)|∇|ω||2 − aρ|ω|2 − b|ω|2
onM+, hence it holds true onM . This means that the equality in the Kato type inequality
(2..1) holds true. By Lemma 2.2, we are done. 
5.. p-HARMONIC 1-FORMS ON LOCALLY CONFORMALLY FLAT RIEMANNIAN
MANIFOLDS
In this section we prove vanishing theorem for p-harmonic 1-forms (Q ≥ 2) with finite
LQ energy. We will use the following auxiliary lemmas.
It is known that a simply connected, locally conformally flat manifold Mn, n ≥ 3,
has a conformal immersion into Sn, and according to [Schoen and Yau 1994], the Yamabe
constant ofMn satisfies
Y(Mn) = Y(Sn) = n(n− 2)ω
2/n
n
4
,
where ωn is the volume of the unit sphere in R
n. Therefore the following inequality
Y(Sn)
(∫
M
f
2n
n−2 dv
)n−2
n
≤
∫
M
|∇f |2dv + n− 2
4(n− 1)
∫
M
Rf2dv (5..1)
holds for all f ∈ C∞0 (M). To derive vanishing property of p-harmonic 1-forms, we need
to have following lemmas.
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Lemma 5.1. ([Lin 2015b]) Let (Mn, g), n ≥ 3, be an n-dimensional complete, simply
connected, locally conformally flat Riemannian manifold with R ≤ 0 or ‖R‖n/2 < ∞.
Then the following L2 Sobolev inequality(∫
M
f
2n
n−2 dv
)n−2
n
≤ S
∫
M
|∇f |2dv, ∀f ∈ C∞0 (M),
holds for some constant S > 0, which is equal to Y(Sn)−1 in the case of R ≤ 0. In
particular,M has infinite volume.
Lemma 5.2. ([Lin 2015b]) Let (Mn, g) be an n-dimensional complete Riemannian man-
ifold. Then
Ric ≥ −|T |g − |R|√
n
g
in the sense of quadratic forms. Here T stands for the traceless tensor, namely
T = Ric−R
n
g.
Now, we introduce our result.
Theorem 5.3. Let (Mn, g), n ≥ 3, be an n-dimensional complete, simply connected,
locally conformally flat Riemannian manifold. If one of the following conditions
1.
‖T ‖n/2 +
‖R‖n/2√
n
<
4(Q− 1 + κp)
SQ2
.
2. the scalar curvature R is nonpositive and
Kp,Q,n :=
Q− 1 + κp
Q2
− n− 1√
n(n− 2) > 0
and
‖T ‖n/2 < 4Kp,Q,n
S
= 4Kp,Q,nY(Sn).
holds true, then every p-harmonic 1-form with finite LQ(Q ≥ 2) norm on M is trivial.
Here
κp = min
{
1,
(p− 1)2
n− 1
}
.
Proof. Since M satisfies a Sobolev inequality, M must have infinite volume. Therefore,
as in the previous part, we only need to prove that if ω is any p-harmonic 1-form with finite
LQ-norm then ω = 0 in M+. Now, applying the Bochner formula to the form |ω|p−2ω,
we have
1
2
∆|ω|2(p−1) = ∣∣∇ (|ω|p−2ω)∣∣2 − 〈δd(|ω|p−2ω), |ω|p−2ω〉
+ |ω|2(p−2)Ric(ω, ω).
From this and Lemma 5.2 and the Kato type inequality (see, Lemma 2.2), we obtain
|ω|∆|ω|p−1 ≥ κp|ω|p−2 |∇|ω||2 −
〈
δd(|ω|p−2ω), ω〉− |T ||ω|p − |R|√
n
|ω|p.
We choose cutoff function ϕ ∈ C∞0 (M+) as in the proof of Theorem 3.1. Multiplying both
sides of the last inequality by ϕ2|ω|q, (q = Q− p) and then integrating by parts, we obtain∫
M+
ϕ2|ω|q+1∆|ω|p−1 ≥κp
∫
M+
ϕ2|ω|p+q−2 |∇|ω||2 −
∫
M+
〈
δd(|ω|p−2ω), ϕ2|ω|qω〉
−
∫
M+
|T |ϕ2|ω|p+q − 1√
n
∫
M+
|R|ϕ2|ω|p+q,
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and then,∫
M+
〈∇(ϕ2|ω|q+1),∇|ω|p−1〉+ κp ∫
M+
ϕ2|ω|p+q−2 |∇|ω||2
≤
∫
M+
〈
d(|ω|p−2ω), d(ϕ2|ω|qω)〉+ ∫
M+
|T |ϕ2|ω|p+q + 1√
n
∫
M+
|R|ϕ2|ω|p+q.
By the hypotheses and Lemma 5.1, we obtain that, for some constant S > 0 and all
functions f ∈ C∞0 (M),(∫
M+
f
2n
n−2 dv
)n−2
n
≤ S
∫
M+
|∇f |2dv.
Using this and (3..10), we have that, for any ε > 0,∫
M+
|T |ϕ2|ω|p+q ≤‖T ‖n/2
(∫
M+
(
ϕ|ω|(p+q)/2
) 2n
n−2
)n−2
n
≤S‖T ‖n/2
∫
M+
∣∣∣∇(ϕ|ω|(p+q)/2)∣∣∣2
≤S‖T ‖n/2(1 + ε) (p+ q)
2
4
∫
M+
ϕ2|ω|p+q−2 |∇|ω||2
+ S‖T ‖n/2
(
1 +
1
ε
)∫
M+
|ω|p+q|∇ϕ|2. (5..2)
From (3..3), (3..4), (3..5) and (5..2) we obtain that, for any ε > 0,[
+q − 1 + κp − ε(2p− 3)− S‖T ‖n/2(1 + ε) (p+ q)
2
4
] ∫
M+
ϕ2|ω|p+q−2|∇|ω||2
≤
[
κp
ε
+ S‖T ‖n/2
(
1 +
1
ε
)]∫
M+
|ω|p+q|∇ϕ|2 + 1√
n
∫
M+
ϕ2|R||ω|p+q. (5..3)
For the last term in the right hand side of (5..3), we can estimate in the following two
ways.
1. Similarly to (5..2), we have that, for any ε > 0,∫
M+
|R|ϕ2|ω|p+q ≤ S‖R‖n/2(1 + ε) (p+ q)
2
4
∫
M+
ϕ2|ω|p+q−2 |∇|ω||2
+ S‖R‖n/2
(
1 +
1
ε
)∫
M+
|ω|p+q|∇ϕ|2.
Consequently, for any ε > 0,
Cε
∫
M+
ϕ2|ω|p+q−2|∇|ω||2 ≤ Dε
∫
M+
|ω|p+q|∇ϕ|2,
where
Cε : = p+ q − 1 + κp − ε(2p− 3)− S(1 + ε) (p+ q)
2
4
(
‖T ‖n/2 +
‖R‖n/2√
n
)
= Q − 1 + κp − ε(2p− 3)− S(1 + ε)Q
2
4
(
‖T ‖n/2 +
‖R‖n/2√
n
)
and
Dε :=
2p− 3
ε
+ S
(
1 +
1
ε
)(
‖T ‖n/2 +
‖R‖n/2√
n
)
.
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Since
‖T ‖n/2 +
‖R‖n/2√
n
<
4(Q− 1 + (p− 1)2/(n− 1))
SQ2
,
there are some small enough ε > 0 and constantK = K(ε) > 0 such that
4
Q2
∫
M+
∣∣∣∇|ω|Q/2∣∣∣2 ϕ2 ≤ K ∫
M+
|ω|Q|∇ϕ|2.
Using the same argument as in the proof of the first part of Theorem 3.1, this inequality
implies that ω is zero.
2. If the scalar curvature R is nonpositive, then from (5..1) we have that∫
M+
|R|f2dv ≤ 4(n− 1)
n− 2
∫
M+
|∇f |2dv, ∀f ∈ C∞0 (M).
From this and (3..10), we have that, for any ε > 0,∫
M+
|R|ϕ2|ω|p+q ≤4(n− 1)
n− 2
∫
M+
|∇(ϕ|ω|(p+q)/2)|2
≤4(n− 1)
n− 2 (1 + ε)
(p+ q)2
4
∫
M+
ϕ2|ω|p+q−2 |∇|ω||2
+
4(n− 1)
n− 2
(
1 +
1
ε
)∫
M+
|ω|p+q|∇ϕ|2.
Substituting this inequality into (5..3) yields that, for any ε > 0,
Cε
∫
M+
ϕ2|ω|p+q−2|∇|ω||2 ≤ Dε
∫
M+
|ω|p+q|∇ϕ|2,
where
Cε : = p+ q − 1 + κp − ε(2p− 3)− (1 + ε) (p+ q)
2
4
(
S‖T ‖n/2 + 4(n− 1)
(n− 2)√n
)
= Q− 1 + κp − ε(2p− 3)− (1 + ε)Q
2
4
(
S‖T ‖n/2 + 4(n− 1)
(n− 2)√n
)
,
and
Dε :=
2p− 3
ε
+
(
1 +
1
ε
)(
S‖T ‖n/2 + 4(n− 1)
(n− 2)√n
)
.
Since
Kp,Q,n :=
Q− 1 + κp
Q2
− n− 1√
n(n− 2) > 0
and
‖T ‖n/2 <
4Kp,Q,n
S
,
there are some small enough ε > 0 and constantK = K(ε) > 0 such that
4
Q2
∫
M+
∣∣∣∇|ω|Q/2∣∣∣2 ϕ2 ≤ K ∫
M+
|ω|Q|∇ϕ|2.
As in previous part, we infer that ω = 0. The proof is complete. 
Note that when q = 0, we recover Theorem 1.3 and Theorem 1.4 in [Lin 2015b]. Hence,
Theorem 5.3 can be considered as a generalization of Lin’s results to the nonlinear setting.
Now, we give a simple proof of Theorem 1.3.
Proof of Theorem 1.3. The proof follows by combining Theorem 3.2 and Theorem 5.3
with Q = p. 
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